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If M has the symplectic condition (which we’ll define), then we call it a symplectic manifold. This 
condition is defined by the existence of a smooth 2-form in the second DeRham cohomology 
class. The structure preserving maps are called symplecto-morphisms. In the world of 
Hamiltonian mechanics, symplecto-morphisms are referred to as canonical transformations. 
These transformations are important since they preserve Hamilton’s Equations.  
 

If you’re a geometer, the definition of geodesics can be redefined as the minimum of a 
Hamiltonian. A Hamiltonian is now just a real-valued function on a symplectic manifold. One can 
easily get such a map by using “graph coordinates”. Hence, if you’re one who likes Hamiltonian 
systems, symplectic topology can provide you with many. If you’re a topologist like myself, the 
story now begins.  
 

 It turns out that even-dimensional Euclidean space E(2n) is a symplectic manifold and quickly 
proves to be a very fruitful example to study. There’s a “nice” relation one can formulate with 
the standard dot-product, the symplectic form on E(2n) and a rotation matrix of E(2n)  that 
gives rise to another class of manifolds, called almost complex manifolds. This is the class of 
symplectic manifolds with a “compatible” complex structure.  
 

 There’s also another class called Kähler manifolds. These are manifolds with compatible 
complex, symplectic and Riemannian structure. They’re also a bit more complicated in 
formulation since we have to define complex forms. In any case, we have 3 new classes of 
manifolds to study! One now has many questions to explore:  

 

1. Are there symplectic manifolds which aren’t Kähler?  
2. Which aren’t almost-complex?                                                                       
3. Is the connected sum of two symplectic manifolds also symplectic?  
4. Which surgeries produce symplectic/Kähler/almost complex manifolds?  
5. Which perturbations of these manifolds preserve their structure?  
6. Can you perform a surgery on a manifold in one class that takes you to another? 
 

In answering questions like the first two, one begins to piece together the consequences (the 
new manifolds) in the box of even-dimensional Riemannian manfiolds. Hence, we're “Puzzling 
the Consequences of a Symplectic Condition”.   
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